Abstract. We present a theory for the phase behaviour of mixtures of charge-stabilised colloidal spheres plus interacting polymer chains in good and θ-solvents within the framework of free-volume theory. We use simple but accurate combination rules for the depletion thickness around a colloidal particle and for the osmotic pressure up to the semi-dilute concentration regime. Hence, we obtain expressions for the free energy for mixtures of charged colloidal particles and non-adsorbing interacting polymers. From that, we calculate the phase behaviour, and discuss its topology in dependence on the competition between the charge-induced repulsion and the polymer-induced attraction. The homogeneous mixture of colloids and polymers becomes more stabilised against demixing when increasing the electrostatic repulsion. This charge-induced stabilisation is strongest for small polymer-to-colloid size ratios and is more pronounced for charged colloids mixed with polymers in a good solvent than for polymers in a θ-solvent. For the weakly charged regime we find that the phase diagram becomes salt-concentration-independent in the protein limit for charged colloids plus polymers in a θ-solvent. The liquid window, i.e., the concentration regimes where a colloidal liquid exists, is narrowed down upon increasing the charge-induced repulsion. Also this effect is more pronounced when charged colloids are mixed with polymer chains in a good solvent. In summary, we demonstrate that the solvent quality significantly influences the phase behaviour of mixtures of charged colloids plus non-adsorbing polymers if the range of the screened electrostatic repulsion becomes of the order of the range of the depletion-induced attraction. 
Introduction
Adding non-adsorbing polymers to a dispersion of colloidal particles induces attractive forces between them [1] [2] [3] . These attractive interactions are due to the loss of conformational entropy if a polymer approaches a particle surface, leading to a polymer-depleted zone around the particle. Overlapping of two depletion zones causes an inhomogeneous pressure distribution by the dissolved polymers around the two neighbouring particles, and, thus, an attractive force between them. This depletion interaction has first been described by Asakura and Oosawa [4, 5] (AO), and was later rediscovered by Vrij [6] . In Vrij's model for mixtures of polymers and colloids, the polymers are freely inter-penetrable (mimicking ideal chains), while there is a hard-sphere repulsion between the colloids and the polymers. This situation corresponds to hard spheres dispersed in a dilute polymer solution. The first success in describing the experimentally observed phase behaviour of colloid-polymer mixtures semiquantitatively has been made by Gast et al. [7] using thermodynamic perturbation theory (TPT). Gas-liquid and fluid-solid phase transitions have been predicted by TPT in accordance with experimental results. Gast et al. [7] also showed analytically that the assumption of a pairwise additive interaction potential in TPT is exact for polymer-to-colloid size ratios q ≤ 0.1547, where q = R g /a with the polymer's radius of gyration R g and the hard sphere radius a.F o rq>0.1547 multiple overlap of depletion zones can occur and many-body interactions have to be taken into account. De Hek and Vrij [8] performed experiments on model hard-sphere-like systems with added non-adsorbing polymer chains using silica particles and polystyrene in cyclohexane. They observed separation into two coexisting fluid phases. The coexistence between a stable fluid and solid was observed for instance by Vincent et al. [9, 10] .
The partitioning of the polymers over the coexisting colloid-poor and colloid-rich phases has first been described by the free-volume theory (FVT) by Lekkerkerker et al. [11] . Here, the main step was to approximate the free-volume accessible to the freely overlapping polymer coils by using scaled particle theory (SPT) [12, 13] . Meijer and Frenkel [14] used a lattice model for the mixture of hard spheres and polymers and Monte Carlo (MC) simulation techniques to investigate the accuracy of SPT and TPT. These theories use the AO model, where the deformability of the polymer coil is not taken into account. The simulation data show that polymer-induced many-body interactions have to be taken into account for q>0.2. The theory of Lekkerkerker et al. [11] performs overall very well but leads to deviations around the gasliquid critical point [15] . Dijkstra et al. [16] [17] [18] [19] [20] verified and extended the statistical-mechanical derivation of the thermodynamic properties of colloid-polymer mixtures by Meijer and Frenkel [14] . They observed good agreement for equal sizes of polymer and colloid comparing their computer simulation data using the effective one-component AO model with FVT [20] . Moncho-Jordá et al. [21] investigated the AO model for q ≫ 1 (protein limit), where many-body interactions become important. Good agreement was found between the binodals predicted by FVT and the computer simulation data.
Fuchs, Schweizer, and co-workers [22] [23] [24] [25] [26] used an off-lattice Polymer Reference Interaction Site Model (PRISM) integral equation method with a modified Percus-Yevick closure to derive analytical expressions and compute numerical results for a mixture containing hard spheres and non-adsorbing polymer chains. Because calculating the binodal coexistence curves is extremely numerical demanding within PRISM, Zukoski and coworkers [27] [28] [29] have restricted themselves to compare theoretically predicted spinodal decomposition curves with binodals in mixtures of effectively hard-sphere-like silica particles and polystyrene polymer chains under θ-(decalin) and good (toluene) solvent conditions. Good agreement has been found which encourages further investigations using this approach. Compared to the free-volume approach yielding macroscopic thermodynamic quantities, the liquid-state theory derived by Fuchs and Schweizer gives quantitative predictions for the microscopic structure of colloid-polymer mixtures which can be verified by appropriate scattering studies. It will be interesting, for instance, to investigate Fuchs and Schweizer's predictions on long-ranged polymer-mediated attractive forces [26] , which might be related to recent observations of critical phenomena in colloid-polymer mixtures [30, 31] .
The fundamental interest on the influence of the attractive polymer-induced depletion forces on colloidal dispersions focused especially on studying the global phase behaviour in dependence of the range of attraction through the polymer-to-colloid size ratio. Besides that, there is also a need to include properties of nonideal polymer solutions plus non-hard-sphere colloids to describe industrial colloid-polymer dispersions. Concerning the colloids, a practical situation is to account for screened electrostatic charges on the colloidal particles from surface-released counter-ions (see Fig. 1 ). Apart from applications like paints or processed food [32, 33] , one encounters such systems for example in biology, and, especially, in the cell, where 20-30% of the volume is occupied by soluble proteins and other biomacromolecules [34] . Here, one expects that depletion interactions play a major role in the self-organisation of biomacromolecules, e.g., the self-assembling of DNA [35] or the bundling of f-actin fibres [36] . The aim is therefore to find reasonably simple but accurate expressions to calculate the phase behaviour of charged spheres in a crowded (semi-dilute) (bio-)macromolecular (polymer) environment. An additional need to describe such mixtures of charged colloids and interacting polymers results from crystallography to determine the atomic structure of proteins. Here, polymers are often added to protein solutions at high salt concentration to accelerate crystallisation or to obtain regular crystals [37] . Not many attempts have been made to describe such systems.
Another approach to include the influence of nonideal polymers has been made by approximating polymers as soft colloids [38] [39] [40] , and quantitative agreement with computer simulation data on the phase behaviour of colloids and self-avoiding polymers has been found [41] on the level of the depletion interaction between two hard walls. A disadvantage of this approach is that it relies on Monte Carlo simulations as an input to adjust polymer-polymer and colloid-polymer interactions.
Schmidt and Fuchs [42] derived a penetrable AsakuraOosawa model (PAO) using density functional theory. The model allows colloids to penetrate the polymer spheres by introducing a repulsive step-function colloid-polymer pair potential. The strength of the colloid-polymer repulsions is adjusted using known expressions from renormalisation group theory for the insertion energy of adding colloids into a dilute polymer solution at θ-and good-solvent conditions. Essentially, the model reduces to the functional AO model with a polymer-to-colloid size-ratio-dependent colloid packing fraction neglecting polymer-polymer interactions. The PAO model agrees well with results from the PRISM approach.
The influence of excluded-volume polymer chains on the phase behaviour of colloidal spheres has first been incorporated within the free-volume theory by Aarts et al. [43] using results from Renormalisation Group theory [44, 45] for the correlation length in polymer solutions.
The phase equilibrium of charged colloidal particles with polymer-induced depletion interaction has been investigated by Tavares and Sandler [46] using TPT and Gibbs ensemble Monte Carlo simulations. In this work the electrostatic repulsion was modelled on a Debye-Hückel level and van der Waals interactions were included as well. They observed that the additional van der Waals attraction widens the fluid-solid coexistence curves and destabilises the dispersion against gas-liquid phase separation. On the other hand, the repulsive electrostatic forces tremendously stabilise the colloid-polymer mixture against phase separation. Thus, the fluid-solid coexistence curve shifts to higher polymer concentrations upon increasing the screened electrostatic repulsions.
Later on, Ferreira et al. [47] have calculated spinodal decomposition curves using liquid-state theory for charged colloids and neutral polymers inter alia. They also observed that the electrostatic repulsion between highly charged colloids [48] significantly stabilises mixtures of charged colloids and non-adsorbing polymers against gasliquid phase separation (see Fig. 11 and discussion on p. 9860 in [47] ).
Denton and Schmidt [49] included electrostatic repulsive forces due to screened charges in the free-volume theory. In their model, the electrostatic repulsions were mapped onto effective hard-sphere interactions and the additivity of the mixture was restored by scaling the radius of gyration of the polymer. Fortini et al. [50] proposed a similar way to include highly screened electrostatic Coulomb interactions to the free-volume theory by mapping the repulsive interactions onto effective hard-sphere ones. In their approach, the non-additivity of the mixture was not restored by (down-)scaling the polymer size. Instead, the free-volume fraction was reanalysed from SPT, and a semiquantitatively accurate description was proposed, which describes their computer simulation data reasonably well. In contrast, the model by Denton and Schmidt underestimates the osmotic pressure of the polymer solution significantly. Thus, it follows that rescaling the polymers and ensuring an additive mixture is inappropriate in describing highly screened or, conversely, weakly charged colloidal dispersions containing non-adsorbing polymers.
Fleer and Tuinier [51] extended the free-volume approach for colloid-polymer mixtures up to and including the semi-dilute concentration regime for interacting polymer solutions using scaling arguments for the depletion thickness and osmotic pressure. Their expressions for the depletion thickness and osmotic pressure were tested against experimental and computer simulation data [52] . Quite recently, Tuinier et al. [53] have compared this approach to experimental data on the gas-liquid phase coexistence diagram of hard-sphere-like poly-methylmethacrylate colloids with added flexible polystyrene chains dispersed in cis-decalin and found excellent quantitative agreement. This improved free-volume theory was named generalised free-volume theory (GFVT). Based on this adequate refinement, we feel encouraged to apply the GFVT to mixtures of charged colloids and interacting polymer solutions.
In this work we present a generalised free-volume theory which predicts the equilibrium phase behaviour of mixtures of polymers and charge-stabilised colloidal spheres in either a θ-or good solvent. We calculated the fluid-solid and gas-liquid coexistence curves for various size ratios of the polymers and the colloids and for various screening lengths. Here, we restrict ourselves to the regime of weakly charged or, equivalently, highly screened particles, where the electrostatic pair interactions can be mapped accurately onto an effective hard-sphere interaction. We also discuss the influence of the solvent quality and the effect of the electrostatic repulsion on the stability of a homogeneous fluid phase with respect to a gas-liquid phase demixing and we further focus on the effect of salinity on the location of the critical end-point.
Model of weakly charged colloidal particles and non-adsorbing polymer chains
We now proceed to explain how we map the system of charged colloids onto effective hard-sphere ones. In Section 3, the polymers, which in addition insert depletioninduced attractive interactions to the system, are taken into account. As an application for our model calculations one might think of weakly charged sphere-like proteins at high salt content dispersed in a polymer solution to accelerate crystallisation. Thus, we assume that the electrostatic Coulomb interactions are highly screened, and, therefore, short-ranged. We also assume that correlation effects between the micro-ions (added salt and surface released counter-ions), which might arise due to the comparable size between the micro-ions and macro-ions (proteins), can be neglected. This assumption may even hold for high salt concentrations in case of monovalent coand counter-ions. We describe the electrostatic repulsion by a Debye-Hückel screened Yukawa-like pair interaction potential
where Z is the protein charge number and l B = e 2 / (4πε 0 εk B T ) is the Bjerrum length with the dielectric constant in vacuo ε 0 , the dielectric solvent constant ε, and the elementary charge e. The colloidal particle radius is denoted by a. The square of the Debye screening parameter κ is given as
where ρ c is the colloid number density. The first term between the brackets accounts for monovalent counter-ions released from the colloid surface, and the second for the additionally inserted monovalent micro-ions with number density ρ s . For later use we introduce the reduced contact value of the repulsive pair interaction potential as βǫ =2Z 2 l B a/(1 + κa) 2 . As discussed previously by Fortini et al. [50] , one can map electrostatic repulsions onto effective hard-sphere interactions provided the colloidal net charges are sufficiently screened by the co-and counter-ions or provided that the colloidal particles are sufficiently weakly charged. The resulting effective volume fraction, η ′ c , is defined by
where a ′ describes the effective colloidal radius, and η c = 4πa
3 ρ c /3 denotes the colloid volume fraction. The factor m is defined as the cubed size ratio between the effective, a ′ , and bare colloidal particle radius, a. The effective radius a ′ of a charged colloidal sphere is calculated using the expression found by Barker and Henderson [54] from TPT
Now, after we have mapped the charge-induced colloidcolloid interactions onto effective hard-sphere-like interactions, the effect of the non-adsorbing polymer chains on the colloidal dispersion can be treated within the framework of the free-volume theory.
3 Generalised free-volume theory
Semi-grand-canonical potential
To compute the equilibrium phase diagram of mixtures of charged colloids and polymers, we need expressions for the free energy of the colloidal fluid and solid phases. Due to the fact that we have already mapped the screened electrostatic Coulomb interactions onto hard-sphere ones, we can apply a simple approach that successfully describes the stability of polymer-colloid mixtures [55, 11] . Here, the colloid-polymer mixture is described in the semi-grandcanonical ensemble, where N c colloidal particles (c) and N p polymer chains are enclosed in the system with volume V at temperature T . The system is attached to a reservoir (r) of polymer chains (p), which is in osmotic equilibrium with the polymer solution in the system. Thus, the system is described by the (N c ,V,T,μ r p ) ensemble, where μ r p is the chemical potential of the polymer chains in the reservoir. This μ r p determines the polymer number density ρ r = N p /V in the system. The semi-grand-canonical potential is given by
The (canonical) free energy of the charged colloid dispersion in the absence of polymers is described by
The brackets, · , beside the integral denote the semigrand-canonical ensemble average, and the tilde indicates the integration variable.
We define the free-volume fraction as α(ρ c ,μ 
Here, we introduced the reduced semi-grand-canonical free-energy density ω = βΩv 0 /V and the reduced canonical free-energy density f = βFv 0 /V , where 1/β = k B T is the thermal energy and v 0 =4πa 3 /3 is the colloid volume. The relative reservoir polymer concentration is given by y = ρ r p (4/3)πR 3 g , where R g is the radius of gyration of a polymer coil. We also use the normalised osmotic pressure defined asΠ
So far no approximation has been made. The contribution of the polymers to the free energy in the second term is now described by the (reservoir) polymer osmotic pressure,Π r p (η c ,y), and the free-volume fraction, α(η c ,y), accessible to the polymer chains.
We approximate α(η c ,y) by an expression previously derived by Fortini et al. [50] 
where
s . The size ratio q s = δ/a is the ratio of the depletion thickness δ around a spherical particle over a (see Fig. 1 ). For uncharged colloids, or infinite screening (m → 1), the free-volume factor reduces to the hard-sphere one known from SPT [12, 13] . A geometric interpretation of these factors in terms of fundamental measure theory has been given by Oversteegen and Roth [56] . The relative polymer concentration within the system, η p , is given by η p = α(η c ,y) y.
We note that SPT is approximate, but surprisingly, the free-volume fraction from SPT appears to be rather accurate [20] . Brader et al. [57] have discussed possible ways to derive systematic expressions for the free-volume fraction by first calculating the equilibrium properties of the effective one-component system where the polymer degrees of freedom have been integrated out. This could be done either theoretically or by using Monte Carlo computer simulations results. The polymer concentration and, thus, the free-volume fraction α(η c ,y) could then be obtained exactly using pair and higher-order distribution functions. An effective pair potential for mixtures of interacting (excluded-volume) polymer chains and colloids has been derived from computer simulations by Louis et al. [58] , which might be used in such an approach. Thus, it is possible to test the extensively used SPT against exact computer simulations. There is a need for work in this direction to reveal how accurate SPT is for more complicated systems. The physical properties of the polymer solution will be discussed separately for ideal and interacting polymer in Sections 3.2, 3.3 and 3.4.
The canonical free energy of the effective hard-sphere system consists in the fluid phase of the ideal gas term
T is the thermal wavelength, with the colloid mass m c , Planck's constant h, and the hard-sphere interaction term, which we describe by the Carnahan-Starling equation of state [59] 
Here the factor m appears because we have normalised the free energy by the bare colloid volume v 0 (see above). The solid phase is assumed to have a face-centredcubic (fcc) lattice structure. We use Wood's equation of state [60] to describe the free energy of the effective hardsphere system [50] 
where η cp c = π √ 2/6 is the fcc volume fraction for close packing. The integration constant (inside the first term on the right-hand side) is obtained from the absolute free energy of a hard-sphere crystal calculated from Monte Carlo simulations at η c =0.576 [61] .
When fluid and solid phase coexist, the two phases are in thermal, mechanical, and chemical equilibrium. Thus, for a given polymer reservoir concentration, y, thermodynamic equilibrium is reached when the osmotic pressureŝ
and the chemical potentials
of the fluid (f) and solid (s) phases are equal at the two different volume fractions, η c,f and η c,s , respectively, wherê
and
A gas-like phase at low colloidal density coexists with a liquid-like phase at high colloidal density for equal osmotic pressuresΠ
and chemical potentials
The spinodal curve is found where the thermodynamic compressibility diverges at infinite wavelengths, i.e., where
The binodal and spinodal terminate and merge at the critical point, where
The critical end-point marks the lowest polymer-tocolloid size ratio where a colloidal liquid is stable, and is found where the gas-liquid critical point coexists with the solid phase [62] .
Dilute and semi-dilute polymer solutions
So far undetermined are the osmotic pressure,Π r p ,o f the polymers in equation (6) , and the depletion thickness δ, which enters the free-volume fraction α(η c ,y), equation (7), through the size ratio q s = δ/a. For small polymer-to-colloid size ratios, q 0.4, the relevant part of the phase diagram lies below the polymer overlap concentration (y<1). Then interactions between the polymers are not essential to properly describe the phase diagram and it is still sufficient to approximate the polymerinduced osmotic pressure by the ideal-gas law as assumed in the seminal work by Lekkerkerker et al. [11] . Furthermore, the depletion thickness takes a value close to R g in dilute polymer solutions. In dilute polymer solutions, the depletion thickness near a flat plate, δ 0 , is given by [63, 45] 
where x =3 /4 + 3 ln(2)/8+π/8 − π/ √ 48 = 0.9492. When the polymers have a similar or larger size with respect to the colloidal particles, q 1, the polymer concentrations where phase transitions occur, are of the order of and above the polymer overlap concentration (compare, e.g. Fig. 4b and c in [43] ). Thus, for q 0.4 interactions between the polymer segments should be accounted for. In the semi-dilute concentration regime, the depletion thickness becomes the concentration-dependent correlation length ξ ∼ y −τ , with τ =1f o rθ-solvents and τ =0 .77 for good solvents [64] . To incorporate the crossover from dilute to the semi-dilute polymer concentrations, Fleer et al. [52] have derived phenomenological expressions for the polymer concentration-dependent depletion thickness and the polymer-induced osmotic pressure by interpolating between the exactly known dilute limit and scaling relations valid for semi-dilute polymer concentrations using combination rules. For the osmotic pressure they found [52] Π r p (q, y)=q
The de Gennes scaling exponent τ and the parameter A depend on the solvent quality and will be specified in Sections 3.3 and 3.4. In the dilute limit, y ≪ 1, equation (20) reduces to the osmotic pressure of an ideal polymer solution,Π r p = q −3 y, and in the semi-dilute regime it recovers the scaling relationΠ [64] . The depletion thickness for dilute and semi-dilute polymer solutions next to a flat plate, δ p , was obtained previously [51, 52, 65] 
where B is a parameter which again depends on the solvent quality. In the dilute limit (y → 0), δ p reduces to δ 0 , and in the semi-dilute limit it recovers the scaling relation δ p ∼ y −γ [64] . We also have to account for curvature effects to find an accurate description for the depletion thickness, δ, around the spherical colloidal particles. For ideal polymer chains, Louis et al. [66] and Aarts et al. [43] derived the relation between δ as a function of the depletion thickness at a flat plate in dilute polymer solutions, δ 0 , using the density profile around a sphere [44, 67] 
where q 0 = δ 0 /a and q s = δ/a. This result is valid for dilute polymers in a θ-solvent. Hanke et al. [45] have derived an equivalent relation for polymer chains in the excludedvolume limit (i.e., for polymer chains with excludedvolume monomer-monomer interactions (ev)),
where c 2 = π(1 − 5π/8+17/36 + π √ 3/4)/(4 x 2 )=0.7576 and c 3 = π(1673π/48 − 551/15 − 40 √ 3/π)/(24x 3 )= 0.0325. In Figure 2 , we plot q s as a function of q, where q = q 0 /p according to equation (19) . The lower curve corresponds to polymers in a good solvent (Eq. (23)) and the upper curve is the result for a θ-solvent (Eq. (22)). As proposed by Fleer and Tuinier [51, 68] , q s can be approximated by simpler power laws
and q The dots correspond to polymer chains in a θ-solvent (Eq. (22)) and the squares describe interacting polymer chains in good solvent (Eq. (23)). The solid curves indicate the power law fits (Eqs. (24) and (25), respectively) to the analytical expressions for polymer chains in a θ-solvent (Eq. (22)) and in a good solvent (Eq. (23)), respectively.
These are indicated in Figure 2 by dots (mean-field chains) and squares (excluded-volume chains). As expected, the depletion thickness around a sphere is smaller compared to the depletion thickness close to a flat plate. Furthermore, the depletion thickness due to polymer chains in a good solvent (excluded-volume chains) is smaller as compared to polymers in a θ-solvent. The deviations become more pronounced with increasing q.T h eq>2 regime is, however, less relevant as we shall see. In addition, we show the influence of q on the depletion thickness around a sphere, δ, relative to the radius of gyration R g for good and θ-solvent conditions in Figure 3 . As can be seen clearly, δ/R g decreases with increasing q and is well below unity if q exceeds unity.
Polymer solutions in a θ-solvent (mean-field approximation)
For polymer chains in a θ-solvent the scaling exponent τ takes its mean-field value τ = 1. The parameters that follow from the combination rules that link the semi-dilute regime of the osmotic pressure and the depletion thickness towards zero polymer volume fraction are A =4 .1a n d B =5 .94 [52] , respectively. The polymer concentration derivative of the reduced osmotic pressure is
and the depletion thickness-to-colloid radius size ratio is Equation (27) follows directly by replacing q 0 with the reduced depletion thickness for dilute and semi-dilute polymer solution, δ p /a, introduced in equation (21), and using equation (19) .
Interacting polymer solutions in good solvent
In a semi-dilute polymer solution, the de Gennes scaling exponent τ equals 0.77 under good solvent conditions. The parameters A and B now read A =1 .615 and B =3.95 [52] . Therefore, we have
and q s (q, y)=0.865 q/ 1+3.95 y 1.54
Note that in contrast to the classical FVT [11] , ∂Π r p /∂y and q s in equations (26)- (29) now depend on the polymer concentration y.
In Figure 4 , the effective size ratio q s is given as a function of the polymer concentration y for q =0.1, 1 and 3. The solid curves describe polymer chains in θ-solvent and the dashed curves polymers under good solvent conditions. The effective size ratio q s = δ/a is nearly independent of y at small polymer concentrations (y 0.1) and decreases rapidly with increasing y. It follows that the effective size ratio is smaller for polymer chains in a good solvent as compared to chains in a θ-solvent for low polymer concentrations, but decreases less rapidly with increasing y so that for high concentrations the effective size ratio in a good solvent is larger than q s in a θ-solvent. Also shown in Figure 4 is the reduced polymer-induced osmotic pressure βΠ r p v 0 , which describes the osmotic work to insert a particle without depletion layer. As expected, the work required for inserting a colloidal particle increases with increasing polymer concentration. However, βΠ r p v 0 increases more rapidly for polymer chains in a θ-solvent as for chains in good solvent. We note that the polymer concentration is normalised with the overlap concentration. The overlap concentration for polymer chains in a good solvent is significantly smaller as for θ chains due to chain swelling.
Results and discussion

Phase behaviour of uncharged colloid-polymer mixtures: Comparison with computer simulation results
We first compare the generalised free-volume theory with computer simulation data by Bolhuis et al. [41, 69] on (uncharged) colloid-polymer mixtures. In [41] they computed the gas-liquid phase coexistence curves for mixtures of hard spheres plus a polymer solution with interacting chains modelled as Gaussian cores (q =0 .34, 0.67 and 1.05) investigating the colloid limit (q<1) and a colloidpolymer mixture with equal size. Gas-liquid binodals in the protein limit (q>1) were computed for hard spheres plus excluded-volume chains on a discrete lattice using Monte Carlo (MC) techniques for q =3.86, 5.58 and 7.78. In Figure 5 the simulation data with size ratios q =0.34, q =0 .67 and q =1 .05 are compared with the predicted gas-liquid coexistence curves from generalised free-volume theory (GFVT). The theoretically predicted gas-liquid coexistence curve agrees well for q =0 .34 with the computer simulation data. With increasing size ratios (i.e., at q =0 .67 and q =1 .05) the binodals predicted from GFVT start to deviate slightly from the simulation data. In fact, the polymer concentration at which phase separation first occurs is slightly overestimated by GFVT. . Gas-liquid coexistence curves at different size ratios q in the protein limit (q>1) for hard spheres and interacting polymer chains in a good solvent. The coexistence curves are calculated from generalised free-volume theory. The asterisks are the critical points calculated from theory. The solid binodal data points are taken from Bolhuis et al. [69] , and the crosses indicate critical points extracted from these computer simulation data.
This deviation increases with increasing colloid volume fraction. In Figure 6 the calculated gas-liquid phase coexistence curves from GFVT are plotted together with MC data in the protein limit (q =3 .86, q =5 .58 and q =7 .78), and larger deviations are found. At low η c the binodals are underestimated by GFVT (i.e., phase separation is predicted at too low polymer volume fractions), whereas the stability region of the homogeneous colloidpolymer mixture is significantly overestimated at high η c . The colloidal volume fraction at the critical point is un- Fig. 7 . Gas-liquid coexistence curves at different size ratios q for ideal, non-interacting polymer chains. The coexistence curves are calculated from generalised free-volume theory. The asterisks mark the GFVT critical points. The solid data binodal points are taken from Bolhuis et al. [69] , with the crosses indicating the extracted critical points from these MC computer simulation data.
derestimated and the critical polymer volume fraction is overestimated by GFVT by a factor of two. Thus, we conclude that GFVT describes colloid-polymer mixtures in the colloid limit reasonably well, but is less adequate to quantitatively predict the MC simulation results of the phase coexistence curves in the protein limit. This limitation of GFVT for size ratios of q ≥ 1 could be due to the fact that the polymers are treated within SPT as a small perturbation to the hard-sphere colloidal reference system. In fact, one assumes that the configurations of the colloids do not change if a small polymer chain is inserted. Obviously, this assumption holds only if the polymer coil is small compared to the colloid size. We note that computer simulations are of course not exact but also approximate real systems. PRISM predicts critical colloid volume fractions in the protein limit that are quite close to GFVT predictions [68] . Besides some quantitative mismatch, it has been shown by Fleer and Tuinier [51] that GFVT predicts the q-scaling behaviour correctly [69] . In addition, the critical colloid volume fraction observed within GFVT is nearly constant as found in MC simulation and PRISM. The theory and computer simulations show that the critical polymer concentration increases with increasing q. In Figure 7 we compare binodals for mixtures of ideal (non-interacting) polymers and colloids from MC [69] and GFVT. The expressions for ideal polymers are obtained from equation (26) and equation (27) for y → 0. In contrast to interacting polymer chains, the critical volume fraction shifts to smaller values with increasing q, while the critical polymer volume fraction increases at the same time as observed in interacting polymers solutions. But whereas the region where a stable homogeneous colloidpolymer mixture is increasing in interacting polymer solutions, the area underneath the binodal shrinks with increasing q in an ideal polymer solution. In summary, we 8-10)). The symbols correspond to Monte Carlo simulation data of Hynninen and Dijkstra [71] for three different contact values, βǫ, of the repulsive pair interaction potential (Eq. (1)); see legend. The curves represent the binodal curves calculated using the free-energy expressions of equations (9) and (10) for the fluid and fcc solid, respectively.
note that the general trends of the phase behaviour are rendered by GFVT even in the protein limit. Thus, we conclude that GFVT gives quantitative predictions for q 1 (colloid limit) and describes polymer-colloid mixtures qualitatively for q>1 (protein limit), capturing the general trends correctly.
Finally, we note that there is an urgent need for simulations of the fluid-solid and gas-liquid-solid phase behaviour to compare with our analytical theory.
Phase behaviour of charged colloid-polymer mixtures
We now turn to the main item of this paper: the phase behaviour of charged colloidal particles and polymers in either a good or a θ-solvent.
First, we focus on a pure hard-sphere dispersion without charges (1/κ = 0, or, correspondingly, m =1 .0) and without any added polymers (y = 0). In that case we recover the hard-sphere fluid-solid phase coexistence at η c =0 .492 (fluid) and η c =0 .542. These values agree well with the freezing and melting volume fractions of 0.494 and 0.545, respectively, observed in computer simulations [70] . If the colloidal particles are charged (m>1), the effective volume increases (see Eq. (4)), and thus, the freezing and melting volume fractions shift to lower values as shown in Figure 8 . Here, the data points are the fluidsolid coexistence data from Hynninen and Dijkstra [71] obtained from Monte Carlo simulations for repulsive con- tact potentials of βǫ = 20, 39 and 81. As can be seen in Figure 8 the data collapse for different βǫ-values when m is plotted on the ordinate as expected. We now want to elucidate the influence of the solvent quality on the (global) phase behaviour and, secondly, the interplay between charge-induced repulsions versus polymer-induced attractions. Figures 9 and 10 show the phase behaviour for four different size ratios (q =0 .1, q =0 .6, q =1 .0a n dq =3 .0) for polymers in a θ-solvent (Fig. 9 ) and under good solvent conditions (Fig. 10) , respectively. Note that we plot the phase diagrams in the η c -y plane with y the normalised reservoir polymer concentration. Thus, the tie-lines (not shown) are horizontal.
Adding non-adsorbing polymers induces an attractive interaction and for small q the fluid-solid coexistence region widens upon increasing the polymer concentration (see, e.g., Fig. 9(a) and Fig. 10(a) ). For q =0 .1, the depletion-induced attractive interactions are too short ranged to induce a stable gas-liquid phase separation and only a stable (or equilibrium) fluid-solid phase separation is observed. The metastable gas-liquid coexistence curve lies within the fluid-solid coexistence region as shown for m =1 .138 in Figure 9 (a). As shown in Figure 9 (a) and Figure 10(a) , the fluid-solid coexistence curves shift to higher reservoir polymer concentration y with increasing Debye screening length κ −1 , or, correspondingly, with increasing m. Hence, the one-phase region underneath the fluid-solid coexistence curves, where a stable mixture at low polymer and colloid concentrations exists, increases with increasing m. This behaviour is expected since the short-ranged depletion-induced interactions are being more and more compensated by the increasing electrostatic repulsions with decreasing κ.
For larger q the depletion-induced attraction becomes longer ranged and a stable gas-liquid phase coexistence is manifested. The polymer-to-colloid size ratio at which this transition from a metastable to a stable phase coexistence between two fluids with low and high colloidal density takes place is described by the critical end-point [62] . This quantity marks the boundary condition for a colloidal liquid. The values that characterise the critical end-point obtained from GFVT are summarised in Table 1 for colloids mixed with polymer in a θ-solvent and in a good solvent. Here, m = 1 corresponds to the hard-sphere case, κ →∞ ,a n dm =1 .110 corresponds to a inverse screening length of κa = 50, and m =1 .225 to κa = 25, with βǫ = 20 throughout.
As shown in Figures 9(b,c,d ) and Figures 10(b,c,d ), in the hard-sphere case of infinite screening, (m = 1) and for m =1 .110, a gas-liquid coexistence curve manifests itself Table 1 . Values obtained from the generalised free-volume theory that characterise the critical end-point for colloids mixed with polymers in a θ-solvent (upper part) and in a good solvent (lower part). The effect of charges is convoluted in the parameter m (see text). For m>1 the colloids are charged. at low reservoir polymer concentrations with respect to the fluid-solid phase coexistence curve for q =0.6, 1.0, and 3.0. In contrast, Figure 10 (b) (q =0.6, m =1.225) shows a metastable gas-liquid coexistence curve (dashed-dotted curve), which nearly touches the fluid-solid coexistence curve. For q =1 .0a n dq =3 .0 the fluid-solid curves are stable for m =1.225.
In the hard-sphere limit (solid curves) and for small q (i.e., q =0 .1), there is nearly no difference between the fluid-solid phase coexistence curves for polymers in a θ-solvent and for polymers in a good solvent (compare Fig. 9(a) with Fig. 10(a) ). The critical colloid volume fraction is also similar for both solvency conditions (see Figs. 13 and 14 , and the discussion on this later on). With increasing q the stability of the mixed phase increases. Furthermore, the binodals are shifted to higher reservoir polymer concentrations for polymers in good solvent conditions as compared to chains in a θ-solvent at larger size ratios. To induce a gas-liquid phase transition at good solvent conditions, y is about a factor of two higher than in case of polymers in a θ-solvent. Similar trends have been observed by Schmidt and Fuchs [42] .
As stated before, electrostatic repulsions between the colloids in general stabilise the homogeneous phase. Hence, more polymers have to be added to induce sufficient attraction, and hence, the phase separation curves s h i f tt oh i g h e ry-values as observed in all phase diagrams. Interestingly, the influence of electrostatic repulsions on the location of the phase boundaries is much more pronounced in case of good solvent conditions compared to θ-solvent conditions. The effect of the solvent quality on the phase behaviour becomes especially apparent in the protein limit (i.e., q =3.0), see Figure 9 (d) and Figure 10(d) . In case of a θ-solvent, the binodal at low colloid volume fraction is almost unaffected by the electrostatic repulsion ( Fig. 9(d) ), whereas in a good solvent the homogeneous fluid phase becomes considerably stabilised with increasing m (Fig. 10(d) ). This is due to the fact that q s is much smaller than q at the binodal for q =3 .0 especially under good solvent conditions. To make this explicit, we give some values at the gas-liquid critical point where q s =0.5 at m =1.0andq s =0.4atm =1.225 for colloidal spheres plus polymer chains in a good solvent, while in a θ-solvent, q s =0.7a tm =1.0a n dq s =0.7a tm =1.225. Actually, the depletion thickness becomes of the order of the correlation length ξ for q>1 (protein limit) in semi-dilute polymer solutions and decreases with increasing y. Thus, even a short-ranged repulsion due to charges might be sufficient to compensate the depletion-induced attractions and, therefore, can have a large influence on the phase diagram.
As a practical illustration, we plot the phase diagrams in Figures 11 and 12 for q =0 .1, 0.6, 1 and 3 in the η p -η c representation with the system polymer concentration. These can be compared with experimental data.
To discuss the influence of electrostatic repulsion and the effect of different solvent qualities on characteristic points that quantify the global phase behaviour, i.e. the critical point, the critical end-point, and the triple point, we turn to Figures 13 and 14 . Here, these characteristic state points are plotted as a function of the colloidto-polymer size ratio 1/q. Pluses the dotted and dashed curves link the triple and critical points for m =1 .110 and m =1 .225, respectively. The critical end-points shift to larger q-values with increasing electrostatic repulsions, which is at variance with Figures 9 and 10. In addition, the volume fractions at the triple point and the critical points reduce to lower values when increasing the electrostatic repulsions. Due to the fact that the depletion thickness reduces by increasing the solvent quality, gas-liquid phase separation sets in at larger q-values in case of interacting polymers in a good solvent. Adding electrostatic repulsions strongly reduces the liquid window, i.e., the range of colloid concentrations and polymer-to-colloid size ratios where a colloidal liquid exists. When comparing this with mixtures of charged spheres with non-interacting polymers, one observes that the phase diagrams with interacting polymers are shifted to significantly higher polymer concentrations for q>0.5 [50] .
As can be seen in Figures 13 and 14 , the critical colloid volume fraction, η crit c , converges towards a finite value in the protein limit (i.e.,f o rq →∞ ), as observed by Bolhuis et al. [41, 69] . But whereas η crit c approaches a constant v a l u ei nc a s eo faθ-solvent (Fig. 13) , η crit c has a minimum for q =3.0 and then increases again slightly for q →∞in case of a good solvent (Fig. 14) . This observation can be explained again by the fact that η crit c is determined by the range of attraction, i.e. by the effective polymer-to-colloid size ratio. In the semi-dilute limit the effect size δ becomes of the order of ξ (ξ ≪ R g ) and, thus, becomes independent of q. Therefore, η crit c approaches a constant for q →∞ . In case of a θ-solvent, the depletion-induced range of attraction, δ, is, even for q →∞ , larger than the range of repulsion caused by the hard-sphere plus Coulomb repulsion, and, hence η crit c continuously decreases for increasing q. In contrast, in case of a good solvent, δ is small to such a degree (compare Fig. 3 ) that it is overcompensated by the repulsive interactions so that η crit c goes through a minimum at q ≈ 3 and then slightly increases for larger q-values (Fig. 14) . We note, further, that the dominant contribution to the repulsive interactions is due to the hard-sphere contribution for all κ-values under investigation. Therefore, η crit c becomes independent of m for q →∞ in both cases.
As a critical remark, we note that conceptual difficulties arise by mapping the screened electrostatic Coulomb interactions onto hard-sphere ones. Hence, one has to be aware of the problems which might occur in conjunction with such a procedure as indicated in the following (see also [72] for a general discussion on effective pair interaction potentials). In general, as long the polymer chains do not carry charges (i.e., as long as we do not consider polyelectrolytes as depletion agents) the polymer-induced depletion interactions are driven by geometrical, excludedvolume effects and are "entropy driven" [73] . On the other hand, the repulsive pair interactions of the charged colloids are transmitted by an electric field caused by surface and (micro-ionic) space charges. Thus, polymer-induced depletion effects and screened electrostatic interactions are of a different physical origin, and, hence, independent of each other. However, by mapping the screened electrostatic Coulomb interactions onto effective hard-sphere ones, the two physically independent interactions becomes geometrically related. In particular, it is unclear whether the depletion thickness must be added to the effective hard-sphere particle or to the bare one, or whether the polymer size has to be scaled so that the colloid-polymer mixtures remains additive as proposed by Denton and Schmidt [49] . Such a mapping obviously fails completely if the range of the repulsive screened Coulomb interactions exceeds the range of attraction induced by the polymer chains in solution. Thus, our model describes mixtures of charged colloids and polymers dispersed in an electrolyte solvent only in the limit of weakly charged or, respectively, highly screened colloidal particles. This procedure might lead to non-physical predictions when used ad hoc without precaution.
A mixture of globulin proteins and dextran in an aqueous salt solution
As a practical example, we now compare our theoretical results with the phase behaviour of globulin dispersions with added non-adsorbing dextran. Fortini et al. [50] have shown that mapping the screened electrostatic repulsive interactions onto effective hard-sphere ones is accurate for m 1.225 (see [50] , Fig. 2 , p. 7789, and Fig. 8 in this work). Such high salt conditions are often encountered to screen the Coulomb interactions and, thus, to induce crystallisation. Hoskins et al. [74] have experimentally determined the phase behaviour of mixtures of globulin and dextran which falls into that regime. In particular, they observed gas-liquid demixing with increasing dextran concentration using turbidity measurement. The solutions with varying polymer concentrations were prepared at pH=6.4 in the presence of c s =0.5 mol/l NaCl. At this pH globulin is assumed to carry Z = 25 negative charges [75] . Its mass density is 1.351 g/cm 3 [76] and it has a Stokes radius of a =( 5 .7 ± 0.3) nm [76] and a molar mass of 150 kg/mol [74] . At room temperature (T =2 5
• C), the Bjerrum length is l B =0 .71 nm. Now . Phase diagram of a mixture of globulin and dextran at pH=6 .4i n0 . 5m o l /l NaCl. The data points are redrawn from Hoskins et al. [74] . The solid curve is the theoretically predicted binodal obtained using GFVT for weakly charged spheres plus interacting polymers for q =2 .3a n dm =1 .02, assuming θ-solvent conditions. The asterisk marks the critical point calculated from GFVT.
we have βǫ =0.19 as contact potential, and κa =13.3a s Debye screening parameter, where we assumed ρ c =0i n equation (2) . Then, from equation (4) and equation (3) we obtain m =1 .020. Thus, our model calculations are applicable here. We note that m always decreases with increasing η c within the DLVO approximation due to the contribution to the electrostatic screening by the surface released counter-ions (see Eq. (2)). It follows that the condition on m is also fulfilled for all non-zero protein volume fractions η c . For example, one obtains m =1 .018 at η c =0 .4a n dc s =0 .5 mol/l( βǫ =0 .18 and κa =1 3 .8).
However, we will neglect the (colloidal) density dependence of κ in the following for simplicity. Therefore, we use m =1 .020. Hoskins et al. [74] used dextran with a molar mass of M w = 267 kg/mol and a radius of gyration of R g = 13 nm [77] . Hence, we use q =2 .3. In Figure 15 we compare the experimentally observed phase diagram of Hoskins et al. [74] with ours from GFVT theoretically predicted binodal assuming θ-solvent conditions. The theoretically predicted gas-liquid coexistence curve overestimates the polymer concentration at which phase separation sets in slightly with increasing η c . The deviation of the theoretically predicted binodal from the experimental data points might be due to the branched structure of dextran [77] and presumably due to the polydispersity in R g leading to an underestimation of the osmotic pressure and, thus, shifting the calculated gas-liquid coexistence curve to larger polymer concentrations. Nevertheless, the theoretical and experimental binodals agree well especially if one takes into account that no adjustable parameters have been used.
Conclusion
We have investigated the influence of additional, chargeinduced repulsions between the colloids and the effect of interacting polymers in good and θ-solvent conditions on the phase behaviour of colloid-polymer mixtures. This has been accomplished by incorporating colloidal electrostatic repulsions into a recently formulated generalised freevolume theory. First, we have demonstrated that the proposed theory is in quantitative agreement with previously performed Monte Carlo computer simulation results for uncharged colloids in case of polymer-to-colloid size ratios smaller than unity and in overall good semi-quantitative agreement for size ratios above unity. Secondly, in case of charged colloidal particles, we find a strong influence of the range of repulsion on the phase stability of mixtures of polymer chains and charged spheres. The charge-induced repulsions between the colloids stabilise colloid-polymer mixtures against gas-liquid phase separation. In addition, the crystallisation curve shifts to lower colloid volume fractions with increasing repulsion. Thirdly, we find that the solvent for the polymers in solution further affects the phase diagram significantly. The stability region, where a stable fluid is found, is larger for a good solvent compared to a θ-solvent; the influence of the solvency is larger for larger polymer-to-colloid size ratio. This is due to the fact that phase separation takes place at larger polymer concentrations (when normalised with the polymer overlap concentration). Finally, we find good agreement when comparing our theoretically predicted and experimentally observed binodal in an aqueous mixture of charged globulin (protein) and dextran (polysaccharide). From our work it follows that it is useful for experimentalists working on biological systems such as protein/polysaccharide mixtures to characterise the solvent quality of the biopolymers in solution. Then it is easier to make predictions for the phase stability.
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